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MA0301 Exercise 5
Øystein Tveit

1
Base case:

m
ÿ

j“1

1

jpj ` 2q
“

mp3m ` 5q

4pm ` 1qpm ` 2q

1

1p1 ` 2q
“

1p3 ¨ 1 ` 5q

4p1 ` 1qp1 ` 2q

1

3
“

8

4p2qp3q

1

3
“

8

8p3q

1

3
“

1

3

Assume:
m
ÿ

j“1

1

jpj ` 2q
“

mp3m ` 5q

4pm ` 1qpm ` 2q
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m`1
ÿ

j“1

1

jpj ` 2q
“

1

1p1 ` 2q
`

1

2p2 ` 2q
` . . . `

1

mpm ` 2q
`

1

pm ` 1qppm ` 1q ` 2q

“
mp3m ` 5q

4pm ` 1qpm ` 2q
`

1

pm ` 1qppm ` 1q ` 2q

“
3m2 ` 5m

4m2 ` 12m ` 8
`

1

m2 ` 4m ` 3

“
pm2 ` 4m ` 3qp3m2 ` 5mq ` 4m2 ` 12m ` 8

pm2 ` 4m ` 3qp4m2 ` 12m ` 8q

“
3m4 ` 17m3 ` 29m2 ` 15m ` 4m2 ` 12m ` 8

pm2 ` 4m ` 3qp4m2 ` 12m ` 8q

“
3m4 ` 17m3 ` 33m2 ` 27m ` 8

pm2 ` 4m ` 3qp4m2 ` 12m ` 8q

(Here, I used a calculator to factorize the expression)

“
3m2 ` 11m ` 8

4m2 ` 20m ` 24

“
pm ` 1qp3m ` 8q

4pm2 ` 5m ` 6q

“
pm ` 1qp3pm ` 1q ` 5q

4pm ` 2qpm ` 3q

“
pm ` 1qp3pm ` 1q ` 5q

4ppm ` 1q ` 1qppm ` 1q ` 2q

2

am`1 “ 22pm`1q`1
` 1

“ 22m`3
` 1

“ 22m`122 ` 1

“ p22m`1
` 1q22 ´ p1q22 ` 1

“ 4am ´ 4 ` 1

“ 4am ´ 3
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pam mod 3 “ 0q ^ p´3 mod 3 “ 0q ñ pp4am ´ 3q mod 3 “ 0q

3
Base case:

m
ÿ

i“1

iLi “ mLm`2 ´ Lm`3 ` 4

1 ¨ L1 “ 1 ¨ L1`2 ´ L1`3 ` 4

1 “ 4 ´ 7 ` 4

1 “ 1

Assume:
m
ÿ

i“1

iLi “ mLm`2 ´ Lm`3 ` 4

m`1
ÿ

i“1

iLi “ 1L1 ` 2L2 ` . . . ` mLm ` pm ` 1qLm`1

“ mLm`2 ´ Lm`3 ` 4 ` pm ` 1qLm`1

“ mLm`2 ´ Lm`3 ` 4 ` mLm`1 ` Lm`1

“ mpLm`2 ` Lm`1q ´ Lm`3 ` Lm`1 ` 4

“ mLm`3 ´ Lm`3 ` Lm`1 ` 4

“ pm ` 1qLm`3 ´ Lm`3 ´ Lm`3 ` Lm`1 ` 4

“ pm ` 1qLm`3 ´ Lm`3 ´ Lm`2 ´ Lm ` 1 ` Lm`1 ` 4

“ pm ` 1qLm`3 ´ Lm`3 ´ Lm`2 ` 4

“ pm ` 1qLm`3 ´ Lm`4 ` 4

“ pm ` 1qLpm`1q`2 ´ Lpm`1q`3 ` 4

4
Base case:

1
ÿ

i“1

p´1q
i`1i2 “ p´1q

1`1
1

ÿ

i“1

i

p´1q
1`1

¨ 12 “ p´1q
1`1

¨ 1

p´1q
2

“ p´1q
2

1 “ 1

Assume:
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m
ÿ

i“1

p´1q
i`1i2 “ p´1q

m`1
m
ÿ

i“1

i “ p´1q
m`1

ˆ

mpm ` 1q

2

˙

m`1
ÿ

i“1

“ p´1q
1`1

¨ 12 ` p´1q
2`1

¨ 22 ` . . . ` p´1q
m`1m2

` p´1q
pm`1q`1

pm ` 1q
2

“ p´1q
m`1mpm ` 1q

2
` p´1q

pm`1q`1
pm ` 1q

2

“ p´1q
m`1

ˆ

mpm ` 1q

2
` p´1qpm ` 1q

2

˙

“ p´1q
m`1

pm ` 1q

´m

2
´ pm ` 1q

¯

“ p´1q
m`1

p´1qpm ` 1q

´

´
m

2
` pm ` 1q

¯

“ p´1q
m`2

pm ` 1q

´

´
m

2
` pm ` 1q

¯

“ p´1q
m`2

pm ` 1q

ˆ

´m ` 2pm ` 1q

2

˙

“ p´1q
m`2

pm ` 1q

ˆ

´m ` 2m ` 2

2

˙

“ p´1q
m`2

pm ` 1q

ˆ

m ` 2

2

˙

“ p´1q
m`2

ˆ

pm ` 1qpm ` 2q

2

˙

“ p´1q
pm`1q`1

ˆ

pm ` 1qppm ` 1q ` 1q

2

˙

5

a)

R is reflexive because x mod x “ 0

R is not symmetric because 2 mod 1 “ 0 but 1 mod 2 “ 1

R is transitive because

xRy ô py “ nxq, n P Z
yRz ô pz “ my “ mpnxqq, m P Z

z “ nmx ô pz mod x “ 0q

b)

R is reflexive because
A X C “ A X C
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R is symmetric because

A X C “ B X C ô B X C “ A X C

R is transitive because

pA X C “ B X Cq ^ pB X C “ D X Cq ñ A X C “ D X C

c)

R is not reflexive because
l1 M l1

R is symmetric because
l1 K l2 ô l2 K l1

R is not transitive because
l1 K l2 ^ l2 K l3 ñ l1 M l3

d)

R is not reflexive because

p2n ` 1q ` p2n ` 1q “ 2p2n ` 1q “ 2k

R is symmetric because
x ` y “ y ` x “ 2n ` 1

R is not transitive because an odd number can only be the sum of two integers if one is
odd and the other is even

Case 1: x is even and y is odd:

x ` y “ 2n ` 1

y ` z “ 2n ` 1 ñ z “ 2k

x ` z “ 2k1 ` 2k2 “ 2pk1 ` k2q “ 2k

Case 2: x is odd and y is even:

x ` y “ 2n ` 1

y ` z “ 2n ` 1 ñ z “ 2k ` 1

x ` z “ p2k1 ` 1q ` p2k2 ` 1q “ 2pk1 ` k2q ` 2 “ 2pk1 ` k2 ` 1q “ 2k

6
In order to show that this is an equivalence relation, the relation has to be reflexive, symmetric
and transitive

Reflexive:
ab “ ba

Symmetric:
pad “ bcq ô pbc “ adq

Transitive:

pad “ bcq ^ pcf “ deq ô

´a

b
“

c

d

¯

^

ˆ

c

d
“

e

f

˙

ñ

ˆ

a

b
“

e

f

˙

ô paf “ beq
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7
In order to show that this is an equivalence relation, the relation has to be reflexive, symmetric
and transitive

Reflexive:
x ` y “ x ` y

Symmetric:
px ` y “ u ` vq ô pu ` v “ x ` yq

Transitive:
px ` y “ u ` vq ^ pu ` v “ m ` nq ñ px ` y “ m ` nq

In this case, you could either use the fact that there are only specific integers that will sum to
another integer, or check every relation between every tuple in order to calculate the equivalence
classes. I decided to solve it by automating the process.

scripts/ex7.hs

1 import Control.Monad (mapM_)

2 import Data.List (nub)

3

4 type Pair = (Integer , Integer)

5 type Relation = (Pair , Pair)

6

7 cartesianProduct :: [Integer] -> [Pair]

8 cartesianProduct domain = [ (x,y) | x <- domain ,

9 y <- domain ]

10

11 calculateRelations :: [Pair] -> (Pair -> Pair -> Bool) ->

[Relation]

12 calculateRelations set relation

13 = nub [ (p1 , p2) | p1 <- set ,

14 p2 <- set ,

15 relation p1 p2 ]

16

17 getRelatedPairsOf :: Pair -> [Relation] -> [Pair]

18 getRelatedPairsOf s r = [ p2 | (p1, p2) <- r,

19 p1 == s ]

20

21 main :: IO ()

22 main = do

23 let

24 -- set a be the cartesian product of two lists of

integers from 1 to and including 5

25 setA = cartesianProduct [1..5]

26 -- set r be the relation on a that satisfy the

following condition

27 r = calculateRelations setA (\(x,y) (u,v) -> x+y ==
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u+v)

28

29 -- filter out the equivalence classes of the following

pairs

30 mapM_ (print . flip getRelatedPairsOf r) [(1,3), (2,4),

(1,1)]

Output:

[(1,3),(2,2),(3,1)]

[(1,5),(2,4),(3,3),(4,2),(5,1)]

[(1,1)]

therefore

rp1, 3qs “ tp1, 3q, p2, 2q, p3, 1qu

rp2, 4qs “ tp1, 5q, p2, 4q, p3, 5q, p4, 2q, p5, 1qu

rp1, 1qs “ tp1, 1qu

8 In order to show that this is an equivalence relation, the relation has to be reflexive, symmetric
and transitive

Reflexive:
x ´ x mod 3 “ 0 mod 3 “ 0

Symmetric:

px ´ y mod 3 “ 0q ô px, y “ 3k1 ` r, 3k2 ` rq ô py ´ x mod 3 “ 3pk2 ´ k1q ` r ´ r “ 0q

Transitive:

pad “ bcq ^ pcf “ deq ô

´a

b
“

c

d

¯

^

ˆ

c

d
“

e

f

˙

ñ

ˆ

a

b
“

e

f

˙

ô paf “ beq

The equivalence classes will contain the numbers that has the same remainder after dividing
by 3, since subtracting them from each other will remove the remainder and make the number
divisible by 3.

therefore the partition of A induced by R will be

tt1, 4, 7u, t2, 5u, t3, 6uu
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